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Thermal Boundary Layer in Slip
Flow Regime

K. C. REppy*
Indian Institute of Technology, Kharagpur, India

ELOCITY-slip and temperature-jump boundary condi-

tions replacing the classical conditions of no-slip and con-
tinuous temperature distribution have formed the basis of
study of many a problem!~% in rarefied gas dynamics. First-
order slip boundary conditions (neglecting thermal creep
terms) are given by

u(z,0) = L(0u/dy),~0 (1.1)
T(x,0) — Tw = L:1(0T/0y)y=0 (1.2)
where
_ 22— f _ 2—fH 2y A
L==¢2 b= i

f being the Maxwell’s reflection coefficient, f; the thermal
accommodation coefficient, A the mean free path of the fluid
at the surface, v the specific heat ratio, Pr the Prandtl num-
ber, and T, the wall temperature.

Putting

T — T, = ul/lg = 2@ @

where & = L/L,, the condition (1.2) reduces, on using (1.1),
to the form

(00/0y)y=0 = 0 ®3)

Thus the transformation (2) simplifies the temperature jump
condition considerably. It is much easier to manage with
condition (3) than its original form (1.2), particularly when
Von Mises’ transformation is used.

Hasimoto? has obtained a solution in power series of z
to the boundary-layer momentum equation for the flow past a
flat plate under slip conditions using Von Mises’ transforma-

- tion. Hassan? has extended this analysis to include the flows
of a certain class of outer pressure distributions. In the
present note, the author will follow Hassan’s analysis to solve
the corresponding energy equation using the transformation
(2) and thus the simplified boundary condition (3). Two-di-
mensional incompressible boundary-layer momentum and
energy equations are given by

Uy + vuy = VV, + viy, “4.1)
Uz + Uy = 0 (42)
pep(uly + vTy) = kTyy + u(uy)? (4.3)

where V is the freestream velocity. Introducing the trans-
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formation (2), Eq. (4.3) becomes
Pcp{u(uag)x + u(u”‘ﬁ)y} = k(uae)yu + :‘"(uy)z (5)
The function & should satisfy the condition (3) at the wall, and
0__)Tm~[;Tw aSy—>00 (6)

where T, is the freestream temperature. Taking (x,y),
where ¢ is the stream function, as independent variables in-
stead of (z,7), Eq. (5) can be written as

W) = 7 {uw)oly + 7 uug)? )

and the boundary conditions (3) and (6) reduce to

To — T

0, =0aty =0 60— 7a ‘asy— o ®)

Introducing the dimensionless variables defined by

_ <£>112 _ £ <£)1/2
£=\z T \z

_ ©)
_(? N9
b= (L) Coh®

V=%

w =7 W)

Eq. (7) takes the form
dh
dE

22 2, 26\
22 {¢5;7— (99 )} + o ¢<bn> 10)

Correspondingly, the boundary conditions (8) are trans-
formed to

Og/on = 0atn =0

hf%((ﬁag)—(h'i-f )n%<¢ag>=

g goasn > (11)
where
goo = (T — T) (L/v)?

Following Hassan, assume series solutions for ¢ and ¢ in
powers of £, viz.,

=1+ Zl da(n)ée g = g= + zlgn(ﬂ)sn (12)

and suppose that z can be expanded into the form

@

ho= Y auf»

n=0

a # 0 (13)

Now consider the cases for « = 1 and @ = %. It may be
remarked that experimental and theoretical evidence? cor-
responds more to the latter case.

The Case of « = 1

Substituting (12) and (13) into (10) and equating the
coefficients of like powers of &, one obtains the equations for
gn 88
Prag

2

gn" + (7797»' - ngn) = Sn("’) (14)

where S.(n) involves g1, go,. . .§u—1, D1, - . . Pu, their derivatives,
and the constants ao, ai,...0¢-—;. Introducing the variables

_Prag _ (Prag?
Go =g 0 ="
Eq. (14) can be written as
G." + 206G — nGa) = 8.(}) (15)

where primes denote differentiation with respect to {.
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Boundary conditions for G, are obtained from (11):
G =0at{=0 G.—~>0as{— = (16)
Similarly, introducing
Fo = (a/4)¢n z = (a'/*/2)n
Hassan has obtained the differential equation for F, as
Fo' 4 2(F," — nF,) = Ruy(2) (17)

He has solved these equations for F;, Fs, and F; in terms of re-
peated integrals of complementary error functions and has
calculated the skin friction coefficient. One can, however,
express these functions of F, in terms of error functions alone
instead of their integrals. For example,

1/2 1
Fi(z) = GOT {WT/Z exp(—z%) — 2z + zE(z)}

Fy(z) = %{ [(1 + 291 — E(z)) — 2 —z2exp(— zz):l

1/2
[§+ E@ + a (,;0> ] ‘"[# exp(—z%) — z + zE(z)] X

18t

where

2 z
E(z) = W _fO exp(—t?) dt
Using the solution for Fi, S; of Eq. (15) is found to be

1/2 2
50 =0 (2) @r - nen(-5) a9

For the case of Pr = 1, 8i({) vanishes and one gets
Gf) =0 (20)

In this case of Pr = 1, 8x({) reduces, on some simplification,
to

S6) = — a {BE) = 1}z = 2282
{s“E(s“) —+ %} (21)

The solution foxj G is found to be

g 1

71-1/2 . 7r1/2
&BE) = { (B — [7 e T] +
o9 [§+ 2 [+ Lm0 - sm6) + 02 -
27 exp(=¢ 1] _exp(—= 2% | fexp(—={?)

iz 2 T + U2

When Pr # 1, the solution for G4 is found to be

g=(aoPr) E ( f'/ )] +
PTl 2

1/2
2 L o -
exp(— {?)

1/2 )
= (F) (3] e

The solution for G; becomes too cumbersome and is not given
here.

+ ;} (22)

Gl(g‘) =

t Incidentally, Eq. (22a) in Hassan’s paper? should have
—mB/4 instead of +a8/4 in the second term of the expression
for F,. Correspondingly, his Egs. (22b) and (23) should be
modified.

TECHNICAL NOTES AND COMMENTS 2397

The case of @ = }

In this case, Eq. (10) contains terms involving ¢'/2.  There-
fore, retain the series assumption for ¢, ¢, and 4 as in (12) and
(13) and further assume that

St =1+ 2 P (2

Squaring both sides of (24) and comparing the coefficients of
various powers of & after substituting the expression for ¢
from (12), one gets

Py(n) = ?—2—‘#—1 . (25)

Pi(n) = ¢y 3

When the series for ¢V2 given by (24) and (25) is put into
(10), one gets equations similar to (14) with S.(n) standing
for slightly different expressions. Again, for Pr = 1, one gets

Gi({) =0 (26)
and

g1

1/2 1/2
Sl {[E(Q —1] ["7 e+ %] +

NSO

X
EQ| —CEEQ) — (eXp( 5'2)-1—5“2—1
2

Gz(f) =

T ki
And for Pr # 1,
_ gulanPr)” (s
Gc) = 0P e 50 - 2 (55) | +

exp(—{?

1/2 2
2= (5) (3} e

Heat Transfer Rate

Heat transfer rate at the wall is given by

oT k k
g =—Fk (ay> = = 1, (D= = Tl = = 7 (u) 0
EJLV: ¢
AR @9

L’fcp( )[cfk] @t

where ¢; is the local skin friction coeflicient calculated by
Hassan.

Fora =1,
il ()
%@/2 ””Z>] o } Pr=1 (30)
Fora = %,
Prs£1
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B [\ 4 11/( . g
B 2c,,L3(2> {gm—i_ao[Q(ao T4 X
1 gott; [ 1 /2
R S OO
Pr=1 (1)
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Pressure Distribution for Hypersonic
Boundary-Layer Flow

M. S. SastrY*
Indian Institute of Technology, Kanpur, India

A pressure distribution is derived here, which is
in excellent agreement with the tangent-wedge
approximation.

Introduction

N solving the hypersonic boundary-layer momentum

integral equation [Eq. (2.12) of Ref. 1], it is necessary to
find out the pressure distribution P*( = P,/P;, where sub-
seript 2 stands for z = z, y = §, and subscript 1 stands for
x = o,y = §; zx y are the surface and normal-to-surface
coordinates, and 8 is the boundary-layer thickness) in terms
of 7 and & where y = 6/L and £ = x/L (where L equals a
certain characteristic length defined in Ref. 1). Here, one
such pressure distribution is derived from the fundamental
shock-relations.

Shock Relations and Derivation of Pressure Distribution

From shock relations,

Po/P_o = [2v/(y + DIM_o*sin’0 — [(v — 1)/(v + 121])

where v is the specific heats ratio; M_. is the freestream
Mach number; 8 is the shock angle; and P_. is the free-
stream pressure. )

Equation (1) also can be written as

(P — P_)/P_, = 2vy/v + DH(M_2sin? — 1) (2)
Also, shock angle and deflection angle relation is

v + 1 M_.2sinf sinA

2 Qin2f — 1 =
e T Y

@
where A is the deflection angle.
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Fig. 1 Hypersonic viscous flow over an insulated wedge at
an angle of attack.

Now for slender wedges, cos(f — A) ~ 1 and sinA = A.

Therefore (3) becomes

M_»?sin?0 — 1 = [(v + 1)/21M_.2sinf- A 4)

Hence,
Py—P_, 2y [yv+1 ) ]
7. T+ 1[ 2 M_.2sinf | A
= yM_.2sinf-A (5)

Now as in Ref. 1 in order to satisfy the asymptotic condi-
tionsat z = + o, let 8 = 6, 4+ 6 and A = Ay + A, where
f; and A, are the inviscid shock and deflection angles, and
8; and A; correspond to viscous shock and deflection angles.

So, (5) becomes

Py/P_, = 1 + {yM_.?sin(f + 61)} (A + Ay)
1+ '}/M_wz(Ao + Al) (Sil’leo + 01 COS&Q)
where cosf; ~ 1andsin, = 0,.

Py/P_o =1+ yM_2sinb- Ay + vM_.2sinfy- Ay +
YM_2% cosby- Aody + yM_.2 cosby- Al (6a)

[

Therefore,

ie.,

Po/P_o = Piof/P_o + YM_2A-sinby +
’)/M_m2 G()Sgo' 01A0 + ’}’M_m2 cosﬁgﬁlAl (6b)

where P+o/P_. = Py/P_., = pressure ratio across the shock
for the corresponding inviscid flow.

A. Wedge case
Asin Ref. 1, for the case of wedge,
= [(v + 1)/4]4 )

when 6, is also very much less than 1 rad, and 6, > 6.
Approximating (6b) in view with (7),

Py N £2 _ 2 'P—-m
P=p " 1+ yM_.2sinfd o +
P_, P_,
YM_2cosby =— 61 Ay + YM_.? cosf =— Ay
P+m P+cn
ie,

P*=1 + —= yM_,2sinfy- Ay +

P+w
P_, 1
Pr. YM_.2 cosby- Ao —Z A+
P_, 1
’YM_mzP—-{—w 00800'7 _Z A;Z
but

Ay = dy/dE ®



